We investigate the power spectrum of the distortion of Cosmic Microwave Background (CMB) due to the decay of the primordial magnetic fields. It is known that there are two-types of the CMB distortions, so-called µ-and y-types and we find that the signal of the y-type distortion becomes larger than that of the µ-type one. We also discuss cross power spectra between the CMB distortions and the CMB temperature anisotropy, which are naturally generated due to the existence of the primordial magnetic fields. We find that such cross power spectra have small amplitudes compared with the auto-power spectra of the CMB distortions because of the Silk damping effect of the temperature anisotropy. We also investigate the possibility of detecting such signal in the future CMB experiments, including not only absolutely calibrated experiments such as PIXIE but also relatively calibrated experiments such as LiteBIRD and CMBpol.
I. INTRODUCTION
Recently, measurements of the Cosmic Microwave Background (CMB) spectral deviations from the black-body spectrum have become a focus of attention as important probes of the physics in the early Universe, because a powerful CMB observation missions called as PIXIE and PRISM have been proposed [1, 2] . Although the CMB spectrum is predicted as a nearly black-body spectrum in the standard Big Bang scenario, spectral distortions from the black-body spectrum can be created by energy injections into the CMB in the early universe. Therefore, the measurement of CMB distortions is expected as a probe of the thermal evolution of the Universe (for recent reviews, see Refs. [3, 4] ). The diffusion of the acoustic waves before the recombination epoch, known as Silk damping [5] , is one of the major energy injection sources [3, [6] [7] [8] [9] [10] [11] [12] . Other energy injection sources include massive unstable relic particles which decay before the recombination epoch [13] , Hawking radiation from primordial black holes [14] , diffusion damping of acoustic wave due to the cosmic strings [15, 16] , and dissipation of primordial magnetic fields before and after the recombination epoch [17] [18] [19] .
The CMB distortions are typically classified into two types, so-called µ-and y-distortions, depending on the epoch when energy injections occur. The µ-distortions are produced due to energy injections to CMB photons in the redshift range 2 × 10 6 z 5 × 10 4 . On the other hand, the y-distortions are created by energy injections in the redshift range 5 × 10 4 z 1090, and are also produced through the cosmic reionization process [20] and the thermal Sunyaev-Zel'dovich(SZ) effect [21] from the clusters of galaxies [22] . Current constraints on these distortions have been respectively obtained as |µ| < 9 × 10 −5 and y < 1.5 × 10 −5 from COBE FIRAS [23] . The future mission PIXIE has the potential to give tighter constraints on both types of distortions, |µ| ∼ 5 × 10 −8 and y ∼ 10 −8 at the 5 σ level [1] , which will be improved further by an order of magnitude by another future survey PRISM.
In this paper, we investigate CMB distortions created by energy injections due to the damping of the primordial magnetic fields. Primordial magnetic fields could be the seed fields of observed micro-Gauss magnetic fields in the galaxies and galaxy clusters. There are a large number of works to study the origin of primordial magnetic fields in the early Universe; during inflation (see, e.g., [24] [25] [26] and references therein) or at the phase transition (see, e.g., [27] [28] [29] [30] [31] and references therein). Current upper limits on the large-scale magnetic fields are obtained through CMB anisotropies (see, e.g., [32] [33] [34] ) and large scale structures (see, e.g., [34] [35] [36] ). These upper limits allow the existence of the nano-Gauss primordial magnetic fields on Mpc scales. Recently, there are also several reports on the lower limits of magnetic fields in the inter-galactic medium whose strength is larger than O(10 −15 − 10 −20 ) Gauss by using the observations of TeV blazars [37] [38] [39] [40] although this claim is still under discussion [41, 42] .
The effect of primordial magnetic fields on the CMB distortions has been studied in Refs. [17] [18] [19] . If primordial magnetic fields exist, they induce the velocity of the photon-baryon fluid through the Lorentz force before the recombination epoch. The induced kinetic energy dissipates through the viscosity of the photon-baryon fluid corresponding to the Silk damping [43, 44] . Even after the recombination, the magnetic fields induce the velocity of baryon fluid via the Lorentz force with residual ionized baryons. This velocity fields also dissipate by ambipolar diffusion and decaying magnetohydrodynamical turbulence, and, consequently, CMB distortions are produced [18, 19] . For example, calculating spatially averaged distortions due to the magnetic field damping before the recombination epoch, the authors of Ref. [43] have obtained the upper limits on the strength of the magnetic fields by comparing the results from COBE-FIRAS, which are 3 × 10 −8 Gauss on comoving coherent scale ∼ 400 pc from the constraint for µ-distortions (0.3 pc for y-distortions). Recently, in Ref. [19] , the authors have claimed that the PIXIE would be expected to give a constraint as 8 × 10 −10 Gauss from the limit on |µ|. In this paper, we focus on the anisotropies of CMB distortions induced by primordial magnetic fields. In the future experiments, it is expected to measure such anisotropies of the distortion before the recombination epoch. We investigate the angular power spectrum of the µ-and y-distortions due to the damping of primordial magnetic fields with a given initial power spectrum. The shape of the angular power spectrum, in particular, the existence of the peak of the spectrum, is expected to depend on the kind of energy injections. We show that the amplitude of the spectrum depends on the structure of primordial magnetic fields and the peak scale informs us about the dissipation scale of magnetic fields.
We also evaluate the cross-correlation between the CMB distortion and the CMB temperature anisotropies. There are several works about such cross-correlation in the context of searching primordial non-Gaussianity [45, 46] . If the magnetic fields exist, for example, these fields generate the anisotropic stress during the radiation-dominated era which becomes a source of the additional primordial curvature perturbations. CMB temperature fluctuations induced by such primordial curvature perturbations sourced from the anisotropic stress of primordial magnetic fields would correlate with the CMB distortions due to the damping of primordial magnetic fields, because both of them are given in terms of the convolution of the magnetic fields. Including the analysis of such cross-correlation, we discuss the possibility of detecting the CMB distortions due to the existence of primordial magnetic fields. This paper is organized as follows. In section 2, we briefly review CMB distortions induced from the damping of the magnetic fields and present the formalism for calculation of angular power spectra of anisotropies of µ and y parameters. We also discuss the cross-correlation between the CMB distortions and the CMB temperature anisotropy induced from the primordial magnetic fields. In section 3, we numerically calculate angular power spectra of the CMB distortions, taking the amplitude of the primordial magnetic fields to be a largest possible one derived from the current CMB observations. In section 4, we discuss the possibility of detecting anisotropic µ-and y-distortions in future or on-going CMB experiments. In section 5, we conclude this paper.
In this paper, we use the natural unit: = c = k B = 1. Cosmological parameters are set according to WMAP result [47] : the abundance of baryon Ω b = 0.045, that of cold dark matter Ω c = 0.222, that of dark energy Ω Λ = 0.733 and Hubble constant H 0 = 70.4 km/s/Mpc.
II. FORMULATION FOR CMB DISTORTIONS DUE TO PRIMORDIAL MAGNETIC FIELDS

A. Primordial magnetic fields
We assume that spatially-varying random magnetic fields B(z, x) are created in the early universe. We define b(z, x) as
where a is the scale factor, and b(z, x) describes the evolution of magnetic fields other than decay due to cosmic expansion. In addition to the cosmic expansion, small-scale magnetic fields lose their amplitude through the dissipation process due to the viscous photon-baryon fluid before the recombination epoch [43] . Accordingly, the time-evolution ofb(z, k), which is the Fourier transformed component of b(z, x) with comoving wavenumber k, is given bỹ
where
with the dissipation rate Γ(t, k). Here, we take z = z 0 to be an arbitrary initial redshift when magnetic fields on interesting scales have hardly decayed yet andb(k) =b(z 0 , k). Note that τ (z, k) > 1 means that magnetic fields with wavenumber k have almost decayed at redshift z. We assume that the initial random magnetic fields are isotropically homogeneous and obey the Gaussian statistics. Therefore, the auto-correlation function ofb(k) is expressed as
where k = |k|, p = |p| and
is a projection tensor which reflects the zero divergence of magnetic fields. We assume that the power spectrum, P B , is given as a blue-tilted power-law function with a cut-off scale, defined as
where n > 0 is the spectral index 1 and k c is the cut-off wavenumber depending on the generation mechanism of the magnetic fields.
The dissipation rate Γ(t, k) is expressed as the imaginary part in the solutions of dispersion relations for the magnetohydrodynamic (MHD) modes, called fast-and slow-magnetosonic, and Alfven modes. In Ref. [43] , the authors have shown that, among these modes, the Alfven and slow-magnetosonic modes can survive below the Silk damping scale. Therefore the energy of the magnetic fields can be stored in these modes and dissipate with damping rates of the Alfven and slow-magnetosonic modes, which depend on scales. On the scale larger than the mean free path for photon l γ , i.e., k/a l −1 γ , the damping of MHD modes is caused by the photon shear viscosity. On the other hand, on the scale smaller than l γ , i.e., k/a l being the ratio between the energy densities of the baryon ρ b and the radiation ρ r . Furthermore, the damping rate is different in the oscillatory limit and the overdamped limit and then the dissipation rate, depending on the scales, is obtained as [43] 
Here H is the Hubble parameter, θ is the angle betweenB eff and k, v A and c A respectively denote the relativistic and non-relativistic Alfven velocities [43, 48, 49] and the normalized mean square of the effective background fieldB eff is given byB
We hereafter simply set as cos θ = 1, and regard τ (z, k) as the function of k.
B. Auto-and cross-correlation functions of µ and y parameters
The dissipation of primordial magnetic fields discussed above can be a mechanism of energy injection which creates the CMB spectral distortions. Since the amplitude of magnetic fields spatially varies, the dissipation energy of the magnetic fields also spatially fluctuates and it can produce the anisotropic spectral distortions of the CMB.
The spectral distortions of the CMB are characterized by µ and y parameters. These parameters are given by [50, 51] 2 µ(x) = 1.4
and
respectively. Here, dQ(z, x)/dz is the energy injected at redshift z and comoving coordinate x, ρ γ (z) is the photon energy density, and we take z µ,i = 2 × 10 6 , z µ,f = z y,i = 5 × 10 4 and z y,f = z rec = 1090. z rec is also the redshift at the recombination.
The injected energy is given by [17] 
Substituting Eq. (12) into Eqs. (10) and (11), µ and y parameters induced by dissipating magnetic fields are respectively given by
where ρ γ,0 = ρ γ (0). In terms of the Fourier modes of magnetic fields,b(z, k), we can rewrite these parameters as
Let us discuss the angular power spectrum of the distortions. First, considering the expansion of the distortion parameters, µ and y, by the spherical harmonics, Y lm (n), we can obtain each mode-coefficient as
where we take the sudden last-scattering approximation in which the observed CMB photons are last-scattered simultaneously at z = z rec . In Eqs. (19) and (20),n is the direction of the line of sight and
4 Mpc is the comoving distance from the earth to the last-scattering surface. Angular power spectra of two kinds of distortions are given by
where X and Y are either µ or y. According to Eqs. (4), (15), (16), (19) and (20), we have
γ,0 dp dq
and j l is the l-th spherical Bessel function. Note that the finite thickness of the last scattering surface cannot be neglected for smaller scale anisotropies l 1000 and the sudden last-scattering approximation is not valid for such scales. According to Ref. [52] , however, the effect of the finite thickness of the last scattering surface can be simply taken into account in the above expressions as
where C XY,0 l is the angular power spectrum given by Eq. (22), (23) or (24) and σ LS ≃ 17 Mpc [53] is the thickness of the last scattering surface.
C. Cross-correlation functions between CMB distortions and CMB temperature anisotropies
The cross correlation between the CMB temperature anisotropy and the CMB spectral distortion is exactly zero as long as the primordial curvature perturbations are pure Gaussian, and hence it would be a new probe of the non-Gaussian feature of the primordial curvature perturbations [45, 46] . Primordial magnetic fields generate not only CMB µ and y distortions as shown in the previous subsection, but also the large-scale temperature anisotropy of the CMB [32] [33] [34] , which are in general given as a quadratic function of the random Gaussian magnetic fields, B, as shown below. Since the µ and y parameters are also proportional to B 2 as shown in Eqs. (13) and (14), the primordial magnetic fields can make non-zero cross-correlation between the CMB temperature and spectral distortion anisotropies. Therefore, we investigate such a cross-correlation as a signature of primordial magnetic fields in this section.
One of the effects of the primordial magnetic fields on the CMB temperature anisotropy is so-called a scalar passive mode, 3 which is extra curvature perturbations induced from the magnetic anisotropic stress on super-horizon scales generated during radiation dominated era before the neutrino decoupling time. The scalar passive mode of the curvature perturbations on the comoving slicing, ζ sp , is given by [54] 
where Π B is the scalar part of the anisotropic stress of magnetic fields, R γ = ρ γ /ρ r , ρ r = ρ γ + ρ ν is the energy density of relativistic particles, ρ ν is the neutrino energy density, R ν = ρ ν /ρ r , η ν is the conformal time at neutrino decoupling and η B is that at magnetic field generation. We hereafter set η ν /η B = 10 17 . This value corresponds to magnetic fields generated at the energy scale of Grand Unified Theory and maximizes the scalar passive mode. The scalar part of the anisotropic stress, Π B , is given by
The multipole coefficient of the scalar passive mode is given in terms of ζ sp as
where ∆ S l (k) is the transfer function of the scalar mode which we calculate using CAMB [55, 56] . Then we can compute the cross-correlation angular power spectra between the CMB distortions and the CMB temperature anisotropies, which are defined as
where X is µ or y again. From Eqs (4), (15) , (16), (19) , (20) , (27) and (31), explicit forms of C
XT l
are given by
A dp dq
and A = 
III. ESTIMATE OF POWER SPECTRA OF THE CMB DISTORTION PARAMETERS
A. Current upper limit on primordial magnetic fields and scale of magnetic field decay
In order to evaluate the angular power spectra of the CMB distortion anisotropies derived in the previous section, we need to set parameters B 0 , n and k c , which specify the power spectrum of primordial magnetic fields. In this
The dependence of τ (z µ,f , k) and τ (z y,f , k) on k. In both figures, we plot B0 = 1.1 × 10 2 nG, n = 4 and kc = 100 Mpc subsection, we briefly review the current constraints on these parameters. Then, in the next subsection, we consider situations where observational signals of µ and y anisotropies are maximized within such constraints.
One of strong cosmological constraints on primordial magnetic fields is that obtained from the isotropic CMB distortion by COBE FIRAS [23] : |µ| < 9 × 10 −5 and y < 1.5 × 10 −5 . These limits bring the upper bound of the decaying energy density of magnetic fields during the era when CMB distortions are created: ρ B = B 2 eff /8π 10 −4 ×ρ γ [17] . In terms of B 0 , this constraint leads
which is independent of n and k c , if k c is at the scale where magnetic fields decay while CMB distortions can be generated. Another important constraint is that from observations of CMB temperature anisotropies. Ref. [57] derived the upper limit of the amplitude of primordial magnetic fields
where B λ corresponds to the strength of primordial magnetic fields on a comoving scale of 1 Mpc, which is related with B 0 as
with k λ = 2π Mpc −1 . From the above expression, we find that the constraint for B 0 obtained from the CMB temperature anisotropy depends on the spectral index n and the cut-off wavenumber k c .
Our aim of this paper is to evaluate the maximum signals of the CMB distortion anisotropy due to primordial magnetic fields. Basically, the power spectrum of the CMB distortions due to the decay of the magnetic fields has a peak at the cut-off scale (∼ 1/k c ) and the peak amplitude depends on the total decaying energy density of magnetic fields over all scales, not only on the peak scale. Hence in order to obtain the large amplitude on the observable scales, which are much larger than the peak scale, we take the peak scale characterized by k c as large as possible (We discuss the details in the next subsection). Since the typical scale of the decay of the magnetic fields becomes larger as the Universe expands, we set the peak scale of the power spectrum to the scale on which magnetic fields decay around the end of the production era of CMB distortions. This means that k c satisfies τ (z µ,f , k c ) ∼ 1 for the µ-distortion and τ (z y,f , k c ) ∼ 1 for the y-distortion. We plot τ (z µ,f , k) and τ (z y,f , k) as functions of k in FIG. 1 . In both figures, we take B 0 = 1.1 × 10 2 nG and n = 4 which satisfy the COBE bound. According to FIG. 1, we set k c = 100 Mpc −1 for the µ distortion and k c = 10 Mpc −1 for y distortion. Note that τ (z X,f , k) < 1 for k < k c means that magnetic fields hardly decay during the production era of CMB distortions and C XX l is strongly suppressed. In FIG. 2 , we show the region in the n-B 0 plane excluded by Eqs. (36) and (37), and we set the peak of the magnetic field power spectrum k c as k c = 10 Mpc −1 or k c = 100 Mpc −1 for the constraint given by Eq. (37). The upper limit on B 0 from Eq. (36) does not depends on n, which is because of out notation (6) . On the other hand, the constraint Eq. (37) becomes less severe as n increases, since for large n the magnetic field power spectrum is highly peaked at the scale smaller than that concerned with observable CMB anisotropies k k λ . Besides, the constraint Eq. (37) becomes looser for larger k c , since the peak of the magnetic field power spectrum becomes apart from the CMB anisotropy scale. Eq. (37) is more severe than Eq. (36) for n < 3.3 and n < 1.6, when k c = 10 Mpc −1 and k c = 100 Mpc −1 respectively.
B. Angular power spectra of CMB distortions
Let us study angular power spectra of CMB distortion anisotropies.
Correlations of CMB distortions
First, we consider the auto-and cross-correlations in CMB distortions, i.e. µ-µ, y-y and µ-y. Here, we choose the parameter sets so that we obtain the maximum amplitude of the power spectra with the current constraint shown in  FIG. 2 being satisfied. We show C µµ l in FIG. 3 for n = 1 (black solid), 2 (red long dashed) and 3 (blue short dashed), where we fix k c = 100 Mpc −1 . Following FIG. 2 , we set B 0 to be a maximum allowed value for each n as 32 nG for n = 1 and 1.1 × 10 2 nG for n = 2 and n = 3. We also show C the current observational cosmological limit for B 0 mainly comes from the CMB temperature anisotropies (denoted as the red line) for n 3.5 and it depends on the spectral index n. Hence we set B 0 in FIG. 2 to be 10 nG, 29 nG, 83 nG and 1.1 × 10 2 nG for n = 1, n = 2, n = 3 and n = 4, respectively. As for the cross angular power spectrum, C µy , which is shown in FIG. 5 , we fix the amplitude B 0 to be 1.1 × 10 2 nG and change the peak scale k c for each spectral index n. Following the observational constraint from the CMB temperature anisotropies given by Eq. (37) and the relation between B λ and B 0 given by Eq. (38), for fixed B 0 , the peak scale k c for each n is chosen in order to obtain the maximum allowed value of B λ . Then, in this figure, we set k c to 300, 100, 30, 10 Mpc −1 for n = 1.2 (black solid), 1.6 (red long dashed), 2.1 (blue short dashed) and 3.6 (green dotted), respectively.
The magnitudes of the auto-correlation spectra C µµ l and C yy l can be roughly estimated as follows. C X given by Eqs. (17) or (18) is
where k X,i and k X,f the Fourier modes of magnetic fields which satisfies τ (k X,i , z X,i ) = 1 and τ (k X,f , z X,f ) = 1, respectively. In this sense, k c is almost identical to k X,f here. The spherical Bessel function can be approximated as
; for x > l .
FIG. 3:
The µ-µ auto-correlation angular power spectra for n = 1 (black solid), n = 2 (red long dashed) and n = 3(blue short dashed). For all cases, kc = 100 Mpc −1 . B0 is set to B0 = 32 nG for n = 1, which corresponds to B λ = 3.0 nG, and B0 = 1.1 × 10 2 nG for n = 2, 3.
FIG. 4:
The y-y auto-correlation angular power spectra for n = 1 (black solid), n = 2 (red long dashed), n = 3 (blue short dashed) and n = 4 (green dotted). For all cases, kc = 10 Mpc −1 . B0 is set to B0 = 10 nG, 29 nG and 83 nG for n = 1, 2 and 3 respectively, which corresponds to B λ = 3.0 nG, and B0 = 1.1 × 10 2 nG for n = 4. Neglecting the effect of the finite thickness of the last scattering surface, the auto-correlation spectrum C XX l can be roughly estimated as
if k X,f < k c < k X,i . Since we are setting k c ∼ k X,f as mentioned before, this estimation is consistent with the spectra shown in FIGs. 3 and 4, especially with respect to the dependence on l, l(l + 1)C XX l /2π ∝ l 2 , for l 10 3 . The reason why l(l + 1)C XX l /2π ∝ l for l 10 3 in FIGs. 3 and 4 is that the effect of the finite thickness of the last scattering surface, which is introduced as Eq. (26), suppresses C XX l by a factor lσ LS /r rec . The peak and the cut-off of l(l + 1)C XX l /2π at l ∼ 10 6 for µ and at l ∼ 10 5 for y correspond to those of the magnetic fields power spectrum at k = k c .
Eq. (41) shows that the amplitude of C XX l is determined by the total energy of decaying magnetic fields. Therefore, for fixed k c , its amplitude is determined only by B 0 , not by n. Since, here, we set B 0 to a smaller value for n = 1 than for n = 2 and n = 3 for C µµ l in order to satisfy the current observational constraints, the amplitude becomes also smaller. Of course, C µµ l for n = 2 and n = 3 overlaps each other because of the same value of B 0 for both cases. On the other hand, the amplitude of C yy l apparently seems to depend on the spectral index n in FIG. 4 . However, since for C yy l we take smaller k c than that for C µµ l , the value of B 0 taken here strongly depends on the spectral index n in order to maximize the amplitude within the observational constraints shown in FIG. 2 , as we have shown above. In the range of n < 3.3, B 0 is smaller for smaller n and hence the amplitude of C yy l becomes smaller for smaller B 0 , which is consistent with the simple estimation Eq. (41) .
The second factor of the RHS of Eq. (41), which comes from the spherical Bessel function, tells us that smaller k c leads to larger C XX l for fixed l, as mentioned in the previous subsection. In fact, r rec ≃ 10
4 Mpc −1 and we take k c = 10 Mpc −1 for µ and 100 Mpc −1 for y here, and hence, for the CMB observation scales (l 10
is much suppressed compared with the value at the peak scale, l ∼ k c r rec . This suppression reflects the fact that the typical scales of fluctuations of the µ-and y-parameter, ∼ 2π/k c ∼ 2π/k X,f , are much smaller than the observation scale, ∼ r rec /l. Because we take smaller k c for C even if parameters (n, k c , B 0 ) are tuned. This is because the scales of primordial magnetic fields which mainly contribute to µ-and y-type distortions are different. In other words, this can be understood by seeing that C µ (χ, q)C y (χ, q) in Eq.(24) vanishes, provided the rough approximation Eq. (39). We thus conclude that it is difficult to observe C in Section IV, where we discuss detectability of primordial magnetic fields by CMB observations of distortion power spectra.
Cross-correlation with CMB temperature anisotropies
Next, we calculate the cross-correlation between CMB distortion anisotropies and the scalar passive mode of CMB temperature anisotropies given by Eqs. (33) and (34) . We show C µT l in FIG. 6 for n = 1 (black), 2 (red long dashed) and 3 (blue short dashed). For all cases, we set k c = 100 Mpc −1 and B 0 = 32nG for n = 1, which corresponds to B λ = 3.0 nG, and B 0 = 1.1 × 10 2 nG for n = 2, 3 respectively. We also show C and C yy l . This is just because the typical length scale of the CMB distortion fluctuations is much smaller than the Silk damping scale k Silk ∼ 0.1 Mpc −1 . As is well known, the CMB temperature fluctuations have been exponentially damped by the Silk damping [58] on the scales with k > k Silk . On the other hand, the amplitudes of the anisotropies of µ and y on the CMB observation scales (k < k Silk ), where the CMB temperature anisotropy keeps its amplitude, are much suppressed as shown in the above discussion about the auto power spectra of µ and y. Hence, even though the cross correlations between the temperature and distortion anisotropies exist due to the fact that both of these anisotropies are given in terms of the convolution of the Gaussian magnetic fields, the cross correlations are more suppressed than auto correlations of those anisotropies. Note that as shown in FIGs. 6 and 7, the amplitudes of the cross-correlations depend on not only B 0 but also n in contrast with the case of auto power spectra of µ and y. This is because the µ and y anisotropies on the scales larger than the Silk scale (k < k Silk ) depend on not only B 0 , which determines the amplitudes of µ and y anisotropies on the peak scale ∼ 2π/k c , but also the tilt n.
FIG. 6:
The µ-T cross-correlation angular power spectra for n = 1 (black solid), n = 2 (red long dashed) and n = 3 (blue short dashed). For all cases, kc = 100 Mpc −1 . B0 is set to B0 = 32 nG for n = 1, and B0 = 1.1 × 10 2 nG for n = 2, 3.
FIG. 7:
The y-T cross-correlation angular power spectra for n = 1 (black solid), n = 2 (red long dashed) and n = 3 (blue short dashed). For all cases, kc = 10 Mpc −1 . B0 is set to B0 = 10 nG, 29 nG and 83 nG for n = 1, 2 and 3 respectively, which corresponds to B λ = 3.0 nG.
IV. DETECTABILITY OF CMB DISTORTION ANISOTROPIES
In this section, we study the detectability of the anisotropies of CMB distortion parameters in the future observations by performing a signal-to-noise (SN) analysis. In order to evaluate SN ratio (SNR), first, we must estimate the variance of the angular power spectrum. The variances of C µµ l and C yy l estimated from the full sky observation of CMB are given by [59] 
where C XX,N l is the noise power spectrum of the observation. We assume that the foregrounds can be removed perfectly. In this assumption, the noise power spectrum C XX,N l consists of the experimental noise power spectrum and can be written as [59] 
where σ X is the 1σ uncertainty in X per pixel, θ b is the beam width and b l is the so-called beam transfer function given by
From Eq. (43), we can obtain the SNR in a measurement of C 
We define a function which represents the detectable level of the signal l(l + 1)C
The fact that l(l + 1)C XX l /2π > C DL l means that SNR becomes larger than 1. When we take a logarithmically homogeneous binning of l with bin width ∆ ln l = 1, there are l multipoles in a bin at l. Since different multipoles are independent, the noise level per each bin should be given by σ ll / √ l. Therefore, the detectable level of l(l + 1)C XX l /2π is roughly given by Eq. (46) . For the cross-correlations, C µT l and C yT l , the variance is obtained from
where C
T T l
is the primary CMB temperature power spectrum and C
T T,N l
is the noise power spectrum for the CMB temperature observation. Here we assume that, compared with the CMB signal, the experimental noise is very small on scales of interest. Therefore, we can neglect the noise power spectrum. In this assumption, the SNR for the cross-correlations is given by
Let us discuss the detectability of anisotropic CMB distortions in each future experiment.
A. PIXIE case PIXIE [1] is a recently proposed satellite for CMB observation, which can measure CMB distortion parameters to a very high accuracy. For PIXIE, the beam width is θ b = 1.6
• and the 1σ uncertainty in µ and y parameters averaged over the full sky are δµ = 10 −8 and δy = 2 × 10 −9 respectively [1] . This leads to allowed by the current observations with a black dotted line. The detectable level function for PIXIE is shown as a function of the multipole l with a red solid line. Due to the exponential factor in Eqs. (49) and (50), PIXIE can measure only large scale anisotropies, which correspond to l 100, and for both of µ and y distortions the black dashed line, which represents the largest signal allowed by the current observations, is much lower than the red line. As a result, it would be difficult to detect the auto-correlation signals of the CMB distortion anisotropies induced by primordial magnetic fields by PIXIE.
The cross-correlation signals between CMB distortion and temperature anisotropies would be more difficult to be detected by PIXIE. A rough estimate gives l(l + 1)C T T l ∼ 6.0 × 10 −10 as in [45] , and we see that it is necessary that C µT l=100
10
−16 or C 
B. Planck case
The authors of [46] have argued that the anisotropies of CMB distortion parameters can be detected not only absolutely calibrated experiments such as PIXIE but also relatively calibrated experiments like WMAP and Planck, although an isotropic CMB distortion can be probed only by absolutely calibrated experiments. For relatively calibrated experiments, anisotropies of CMB distortion parameters are seen as temperature anisotropies, whose amplitude depends on the frequency channel. The temperature for photon frequency ν is given by
where x = 2πν/T 0 , T 0 is the temperature averaged over all sky and n(x) is the photon occupation number. Without CMB distortions, the occupation number is given by the Planck distribution as n(x) = (e x − 1) −1 ≡ n 0 (x). Due to the CMB distortions the energy spectrum of CMB photons deviates from the Planck distribution. As a result, the apparent temperature anisotropy depending on the frequency channel is created from the CMB distortions. In the case of the µ-distortions, the apparent temperature anisotropy is given by [46] 
where δµ is the fluctuating part of µ and x = 2πν/T . In the case of y-distortion, the resultant temperature anisotropy is
where δy is the fluctuating part of y. As shown in the above expressions, these temperature anisotropies produced by the CMB distortions have the frequency dependence, and taking difference between the temperature anisotropies in different frequency channels, we find δµ and δy. The experimental noise power spectrum in this type of observation using two different frequency channels ν 1 and ν 2 is given by
for µ-distortions and . These channels have the best sensitivity among frequency channels of Planck. Therefore, the noise power spectrum for µ and y-distortions are 
C. LiteBIRD case
LiteBIRD [61] is a proposed CMB satellite which aims to detect low l B-mode polarization anisotropy. Although the angular resolution of LiteBIRD will be worse than Planck, the sensitivity per pixel will be better than Planck and it would be a powerful experiment to detect the CMB distortions through the relative calibration. For the beam width and sensitivity for the 90 GHz and the 150 GHz channels shown in TABLE 1(b), the experimental noise power spectrum for the relative calibration by LiteBIRD is given by
From the above expressions, we find that LiteBIRD can probe µ and y-distortion anisotropies with a sensitivity better than PIXIE up to as high l as PIXIE can. As a result, in an observation by LiteBIRD, anisotropies of CMB distortions induced by primordial magnetic fields can reach the detectable level within satisfying the current observational constraints, as shown in Fig. 8 where
for LiteBIRD is shown as a blue short-dashed line. In particular, C threshold of the SNR to 4, we find the threshold value of B 0 for detection of C 
D. CMBpol case
CMBpol [62] is a future CMB satellite with a sensitivity similar to LiteBIRD and an angular resolution higher than Planck. Using the 100GHz and 150GHz bands, whose beam width and sensitivity are given in TABLE 1(c), we evaluate each noise power spectrum of µ and y parameter as
Because of a high sensitivity and a high angular resolution, CMBpol enlarges the possibility to probe anisotropies of y-distortions, as shown in Fig. 8 where
for CMBpol is shown as a magenta dot-dashed line. Setting the detection threshold of the SNR to 4 in a similar way to the LiteBIRD case, we find that the auto power spectrum of y anisotropies can be detected for the primordial magnetic fields with n 3, B 0 > 39 nG and k c = 10 Mpc −1 . On the other hand, if the power spectrum of primordial magnetic fields is less blue-tilted, that is, n 2, the primordial magnetic fields satisfying the current constraint Eq. (37) 
E. SPT case
Angular power spectra of µ and y parameters induced by primordial magnetic fields have a larger amplitude on small scales as mentioned in the previous section, where space-based CMB experiments such as the above examples can not probe. CMB observations on such small scales l > 1000 are performed by ground-based telescopes. South Pole Telescope (SPT) [63] is one of the latest ones among such telescopes. According to [63, 64] , SPT has σ T = 9.6 × 10 2 + 7.6 × 10
The detectable level, C
DL l
, for SPT is shown as a light blue two-dot chain line in FIG. 8 . From FIG. 8(b) , we can see that SPT can detect C yy l induced by the primordial magnetic fields, while as we will discuss shortly later contamination from the SZ effect would be significant. On the other hand, from FIG. 8(a) , C µµ l induced from primordial magnetic fields satisfying the current observational constraints is too small to be detected by SPT. So far we have discussed the detectability of µ-and y-distortion anisotropies induced by primordial magnetic fields, simply assuming that there are no other sources of the distortions. However, these distortions can be generated by various processes both in the early and late-time Universe. In particular, as is mentioned in the introduction, y-distortion is generated by the thermal SZ effect in the late-time Universe. According to a recent measurement of y-distortion map by the Planck satellite [65] , C yy l generated by the SZ effect is O(10 −16 ) at 50 ℓ 1000. This is about three order of magnitude larger than the maximum C yy l from primordial magnetic fields (See Fig. 8(b) ). Since, at large angular scales, both C yy l from the thermal SZ effect and primordial magnetic fields have the same spectral shapes C yy l ∼ constant, it should be difficult to detect the C yy l from primordial magnetic fields. However, at smaller scales, shapes of the spectra differ. In particular, C yy l of the thermal SZ effect drops sharply at around the angular scales of galaxy clusters, l ∼ 3000, while one from primordial magnetic fields decays mildly as C yy l ∝ 1/l. Thus, we expect future observations which observe C yy l at small angular scales may be able to distinguish primordial magnetic fields and the SZ effect. Furthermore, we also expect that the cross-correlation between thermal SZ effect and and the distribution of galaxy clusters (see, e.g., Ref. [66] ) helps us distinguish between the signals of y-distortion from the thermal SZ effect and the primordial magnetic fields considered here. On the other hand, since µ-distortions cannot be generated by astrophysical processes, we expect that it is more plausible to seek for the signature of primordial magnetic fields in the µ-distortion.
V. CONCLUSION
In this paper, we have considered µ-and y-distortions of the CMB photon energy spectrum, which are generated by decay of primordial magnetic fields. In particular, we have focused on anisotropies of the CMB distortions, which are induced by space-varying random magnetic fields. Using the decay rate of magnetic fields derived in [43] , we have presented the formalism to calculate the angular power spectra of these distortion parameters. We have also considered the cross-correlations between the CMB distortion parameters and temperature anisotropies induced by magnetic fields.
We have numerically calculated angular power spectra C allowed by the current observational constraints on the magnetic fields, setting the amplitude of the magnetic fields to the upper limit of the constraints and choosing the cut-off scales appropriately. The peak scales of the angular power spectra correspond to the cutoff scales of the magnetic fields and the peak amplitudes of the auto-correlation spectra C µµ l and C yy l are basically determined by the total energy density of the decay of the magnetic fields. However, since the angular power spectra have the dependence on l 2 , the amplitude are suppressed on the observation scales. On the other hand, we found that the cross correlation between the distortions C Following the numerical calculation of the angular power spectra, we have also discussed the possibility of detection of anisotropic CMB distortions induced by primordial magnetic fields. Although PIXIE is absolutely-calibrated experiment and have a high sensitivity for the measurement of the CMB distortions, it is not able to measure C µµ l and C yy l since it can reach the small scale only up to l ∼ 100 in the current design. Following the method proposed in [46] , relatively calibrated experiments can also measure anisotropies of CMB distortions. LiteBIRD can detect C yy l due to the magnetic fields with the large tilt n 3 and the amplitude close to the upper limit from current observations. CMBpol can measure C yy l by weaker magnetic fields. According to the situation, it might detect not C yy l but C µµ l . Through observations of anisotropies of CMB distortions by these future CMB satellites, we might confirm existence of the primordial magnetic fields with highly blue-tilted power spectrum or put the novel constraint on such magnetic fields. On the other hand, C µT and C yT are far from the detectable level in both observation. In small-scale CMB measurements by ground-based telescopes such as SPT, it is difficult to search anisotropies of CMB distortions due to magnetic fields. This is because the recent result of SPT is consistent with the SZ effect, which induces y-distortions indistinguishable from those by magnetic fields, and contributions from magnetic fields should be subdominant. This leads to the upper limit on magnetic fields: B 0 < 1.8 × 10
2 nG for k c = 10 Mpc −1 , which is larger by an O(1) factor than the COBE constraint, Eq. (36). The µ anisotropies are too small to be detected by SPT.
We mention to another contribution from primordial magnetic fields to the cross-correlation between CMB distortion and temperature anisotropies. In addition to the scalar passive mode considered here as the CMB temperature anisotropies sourced from the primordial magnetic fields, primordial magnetic fields also induce the so-called compensated scalar magnetic mode of CMB temperature fluctuations [54] . Although it is subdominant compared with the scalar passive mode for l 5000 [54] , it becomes the dominant component for higher l. This is because the scalar magnetic mode is actively produced and not suppressed exponentially like the scalar passive mode. Since small-scale perturbations also contribute to C XT l for small l, it could be possible that the scalar magnetic mode makes a considerable contribution to C XT l in the observable range with the blue-tilted power spectrum of the magnetic fields. As a brute-force estimation for such contribution, let us consider the unrealistic case where the exponential suppression due to the Silk damping is absent in the temperature anisotropies. In this case, we can expect from FIG. 2 in [54] that the temperature anisotropy induced from the scalar passive mode is larger than that generated by the scalar magnetic mode by several orders of magnitude even on small scales. Furthermore, the angular cross power spectra between the temperature anisotropy induced from the scalar passive mode and the CMB distortions due to the primordial magnetic fields, C
